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(1)  All questions are compulsory.

(2)  Figures to the right indicate marks of corresponding question.
(3)  Follow usual notations.

(4)  Use of non-programmable scientific calculator is allowed.

1. Answer the following as directed : (Any FIVE ) (10)

(1) R=40,2,4,6,8} is a commutative ring under the binary operations
+,, (addition modulo 10 ) and x,, (multiplication modulo 10 ).
Justify : Every non-zero element in this R has an inverse for x .

(2) Inaring R; prove that a. (—b) =—(a. b) ; forall a, b € R.

(3)  Mention all the ideals of the ring J,; ; of integers modulo 13.

(4) IfUisanideal of a ring R with a unit element 1 and 1 € U,
then prove that U = R.

(5)  Prove that 315and 513 in the commutative ring J ; of integers
modulo 8.

(6) LetRbeacEuclideanringanda # 0,5 # 0 in R. If b is unit in R,
then prove that d(a) = d(a.b).
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(7)  Justify : 4 and 8 are relatively prime elements in the Euclidean
ring J,,; of integers modulo 11.

(8)  Define a prime element in a Euclidean ring . Which are the prime
elements in the Euclidean ring J; ; of integers modulo 7 ?

2. Attempt any TWO : (10)
(1)  Prove that every finite integral domain is a field.

(2)  Prove that the commutative ring D is an integral domain if and only
if a, b, c € D with a # 0; the relation a. b = a. ¢ implies that
b= cholds in D.

(3)  Define a Boolean ring. Prove that every Boolean ring is commutative.

3. Attempt any TWO : (10)

(1)  Define the Kernel of a homomorphism. Let ¢ : R — R'be a
homomorphism of a ring R into a ring R'. Then prove that:
$(0)=0"and ¢ (—a) =—¢(a); for every a in R.

(2)  Prove that a homomorphism ¢ : R — R’ of a ring R into a ring R'
is an isomorphism if and only if I(¢) = (0) ; where 1(0) is the
Kernel of a homomorphism ¢ .

(3) IfRis acommutative ring with a unit element 1 and its only ideals
are (0) and R itself, then prove that R is a field.

4. Attempt any TWO : (10)
(1)  Define a Euclidean ring. Prove that every field is a Euclidean ring.

(2)  Prove that the relation of "associates" in a commutative ring
R with a unit element is an equivalence relation on R.

(3)  Define a greatest common divisor of two elements in a commutative
ring. Prove that any two greatest common divisors of elements a, b
in a Euclidean ring R are associates.

S. Attempt any TWO : (10)
(1)  Define relatively prime elements in a Euclidean ring. If @ and b are
relatively prime elements in a Euclidean R and a | bc, then prove
that ac .

(2)  Let R be a Euclidean ring. If A = (q,)) is a maximal ideal of R,
then prove that a is a prime element in R.

(3)  Define unit in a commutative ring with a unit element. Let R be a
Euclidean ring and a # 0, b # 0 in R. If b is not unit in R, then prove
that d(a) <d(a. b).
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